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Abstract. Order unit property of a positive element in a C* -algebra is defined. It is 
proved that precisely projections satisfy this order theoretic property. This way, unital 
hereditary C*-subalgebras of a C* -algebra are characterized. 
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1. Introduction 

Matrix ordered spaces were introduced and studied by Choi and Effros [1 1. Matricially 
normed spaces were introduced and studied by Ruan 1 8 1 . Matrix order unit spaces, studied 
by Choi and Effros, are matrix ordered spaces with a matrix norm induced by an order 
unit. Their non-unital counterpart were studied by us (see [2-5]) and Schreiner [9|. We 
call such spaces L°°- matricially Riesz normed spaces (Schreiner call them matrix regular 
operator spaces.) We know that C*-algebras are L°°-matricially Riesz normed spaces. 

In this paper we consider the following problem: Which element of an L°° -matricially 
Riesz normed space looks like order unit and also determines the matrix norm as the order 
unit norm in its possible range? (We know that if two elements determine the (matrix) 
norm as order unit norms, then the two elements must be identical.) In this paper, we have 
been able to characterize these elements in C*-algebras. These are precisely the projec- 
tions. This is an order theoretic characterization of projections in a C*-algebra and seems 
to be an important tool in a possible order theoretic characterization of non-commutative 
C*-algebras. (Note that the set of all projections in B(H) have a nice lattice structure.) 
As a consequence of the above characterization, we have been able to characterize unital 
hereditary C*-subalgebras of a C*-algebra. 

Now we recollect some definitions for the sake of completeness. 

DEFINITION 1.1. 

An L°° -matricially Riesz normed space (L°°-mRn space) V consists of a matrix order struc- 
ture {M„(V) + } and a matrix norm structure {||||„} which are related in the following 
manner: 

(I) For every n£N and v G M(V) + 

M^L^q^iUMj-.f *; v u2 \ eM 2 „(v)+j 
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(III) M n (V)+ is || 1 1 „ -closed or all n. 

This space is denoted by {V, { \ \ \ \ n } , {M n (V ) + } ) . 

Next, we recall the notion of an order unit. Let (V, {M„(V) + }) be a matrix ordered 
space. Then e G V + is called an order unit for V, if for each vG V there is A: > such that 



V + is proper and if M n (V) + is Archimedean for all n, then we can define for each n, the 
order unit norm | • || on M n (V) given by 



In this case (V, {|| • || n }, {M n (V) + }) becomes an LT-mRn space which is called a matrix 
order unit space and is denoted by (V,e). 

Now, let W be a self-adjoint subspace of a matrix ordered space (V, {M„(V) + }). For 
each n&N, if we put 

M„(W)+ =M„(V) + r\M„(W). m 

then (W, {M n (W) + }) becomes a matrix ordered space and is called a matrix ordered sub- 
space of (V, {M n (V)+}). 

A matrix ordered subspace W of V is called a matrix order ideal, if for any v G V + , v £ 
W + whenever v < w for some w G W + . (In this case this property is carried over to 
M n {W)+ for all n. 

Finally, let (V, {\\ \\ n }, {M n (V) + }) be an L°°-matricially Riesz normed space and sup- 
pose that W is a matrix order ideal in V with an order unit e. If (W, e) is a matrix order unit 
space such that e determines the matrix norm of V on W as the matrix order unit norm, 
then (W,e) is called a matrix order unit ideal of V. 

2. Order unit and matrix order ideal 

Let (V, {M„(V) + }) be a matrix ordered space and let a G V, a ^ 0. Put 



Then V a becomes a matrix order ideal in V and a is an order unit for V a ■ Conversely, if W is 
a matrix order ideal of V and a G W + is an order unit for W, then W — V a - In particular, if 
e is an order unit for V, then V have no matrix order ideals containing e, other than itself. 

Now, let (V,{||||„},{M„(V) + }) be an L°°-mRn space and suppose that a G V + with 
laid = 1. We say that a has order unit property in V, if for each v G V a , we have 




G M 2 {V) + . In this case, e n = e(& ■ ■ ■ ®e GM„(V)+ for all n. If, in addition, 






If a" have order unit property for all n, we say that a have matrix order unit property in 
V . The following result is a simple consequence of this definition. 
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PROPOSITION 2.1. 

Let (V, {|| || n },{M„(V) + }) be an L°°- mRn space and suppose that a G V + with ||v|| j = 1. 
Then 'a' have matrix order unit property in V if and only if (V a ,a) is a matrix order unit 
ideal in V. In particular, if (W,e) is a matrix order unit ideal in V, then 'e' have matrix 
order unit property in V and W = V e . 

Remark. It is possible to get an order unit a G V + with ||a||j = 1 which does not have 
order unit property in V. To see this, consider the matrix order unit space (A/2,/2). Then 

«=^q 1/2 ) e ^ an< ^ ^ 1 = ^' Moreover, a determines the operator norm in the 

subspace defined as A — {oca : a G C}. Now, it is easy to see that a is an order unit for 
M2. Finally, note that the operator norm of I2 is 1 and its order unit norm determined by a 
is 2. Thus a does not have order unit property in M2. 

3. Order units in a C* -algebra 

Let H be a complex Hilbert space and let p G B(H) be an (orthogonal) projection. Define 

B p (H) = {x G B{H) :xp=px=x} 
= {pxp : x G B(H)} 

and 

B p (H) = {xeB(H):x(H)Cp(H) and x*(H) C p(H)}. 
Lemma 3.1. B{H) P = B,,{H) = B<'{H) = B(pH). 



Proof Evidently, B p (H) = BP(H) = B(pH). 

ap x 
x* ap 



Let x£B(H) p . Then if X I > for some a > 0. Thus, for each pair ^ , 7] G H, 



we have 



ap x 

x* ap I \ 77 



>0 



or equivalently 

a(pi;,i;) + (xri,i;) + (x*i;,ri) + a(ri,ri)>0. 
In particular, for t, G p^H) 1 and rj G H, we have 

(x7],Z) + (x*%,T]) + a(T],Tl) >0. 

Fixing 77 and replacing ^ by i k XE, (k = 0, 1 ,2,3 and A > 0), we conclude that (xT7 , t, ) > 
for all 77 G H and B, G p(H) ± . Thus C Next, interchanging roles of B, and 77, 

we conclude that x*(H) Cp(H). Thus B(H) p C B P (H). 

Conversely, if x G B p (H), then as ( ^" .. ,, ^ J > 0, we have 



0< 



p \ / ||x||7 x \ / p 
p \ x* \\x\\I J\ p 
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FllP Pxp \ I \\x\\p x 
px*p \\x\\p ) \ x* \\x\\p 

for pxp =x and x* — (pxp)* — px*p. Hence follows the result. □ 

COROLLARY 3.2. 

Let A be a C* -algebra and suppose that p 6 A + is a projection. ThenA p = pAp = {pxp : 
x G A}. In particular, every projection in A has the matrix order unit property. 

Theorem 3.3. Let A be a C* -algebra, p G A + with \\p\\ = 1. If p has the order unit prop- 
erty in A, then p is a projection. 



Proof. First we show that A p is a C*-subalgebra of A. Let x G A p . Then 



kp x 
x* kp 

M2(A) + , for some k > 0. Identifying A in a suitable B(H), we conclude that x*x < k 2 p 
(| 6 1, Exercise 3.2(h)) so thatx*x G A p . It follows, from polarization identity, that A p is a 
*-algebra. To see that A p is norm closed, let {x„} be any sequence in A p converging to 
x G A. Let \\x„ || < k for all n and some k > 0. Since p has order unit property in A, we 

have ( ^ Xn ) GM 2 (A)+ for all n. It follows, fr om norm-closedness of M2(A) + , that 



x* kp 
kp x 
x* kp 



GM 2 (A)+. Thus Ap is a C*-subalgebra of A. 



Now identify A p in some B(K) such that A p acts non-degenerately on K. Let {ux } be 
an approximate identity of A p . Then ux { I where / is the identity operator on K (see 
e.g. 0, 2.2.4). Now for each X, \\u^ \\ < 1 and ux > 0, so that < p. Thus / < p. Again, 
as ||p || = 1 and p > 0, we have p <I. Thus p = /. In particular, A p is a unital C*-algebra. 
Hence p is a projection in A. D 

Now summing up Corollary 13. 21 and Theorem l3.3l we obtain the following characteri- 
zation. 

Theorem 3.4. Let A be a C* -algebra and suppose that p G A + with \\p\\ = 1. 77ie« p has 
the order unit property in A if and only if p is a projection in A. In this case, A p — pAp. 

Remark. (1) Matrix order unit ideals in a C* -algebra are precisely unital hereditary C*- 
subalgebras. (2) Matrix order unit ideals in a von-Neumann algebra are precisely heredi- 
tary von-Neumann subalgebras. (3) Matrix order unit ideals in B(H) are precisely of the 
form B(K) where K is a closed subspace of H. 
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